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Abstract
All non-isomorphic three-dimensional Poisson homogeneous Euclidean spaces are constructed
and analyzed, based on the classification of coboundary Lie bialgebra structures of the Eu-
clidean group in 3-dimensions, and the only Drinfel’d double structure for this group is
explicitly given. The similar construction for the Poincare´ case is reviewed and the strik-
ing differences between the Lorentzian and Euclidean cases are underlined. Finally, the
contraction scheme starting from Drinfel’d double structures of the so(3, 1) Lie algebra is
presented.
1 Introduction
The search for a quantum theory of gravity is nowadays one of the most challenging problems
in theoretical physics. With this motivation various either partial or schematic models have
been proposed from different perspectives, with the hope of getting useful insights in certain
important aspects of the full theory, in particular those related to the interplay between quantum
and gravitational properties of spacetime at the Planck scale. One such a particularly interesting
approach is that of (2+1)-dimensional quantum gravity [1]. In this case the main feature of
the theory is provided by the fact that general relativity in (2+1)-dimensions is a topological
theory, and solutions of the vacuum Einstein field equations are locally isometric to one of
the three maximally symmetric spacetimes of constant curvature, thus allowing a description
that strongly depends on the sign of the cosmological constant. This fact greatly simplifies the
picture and allows for several quantization approaches. In some of them, quantum groups play
a relevant role, like in state sum models or spin foams (see for instance [2, 3, 4, 5] and references
therein).
The description of (2+1)-gravity as a Chern-Simons theory, in which the group of isometries
of the corresponding spacetime model plays the role of the gauge group [6, 7], will be specially
relevant in what follows. As it was proved in [8, 9], the phase space structure of this theory is
related with the moduli space of flat connections on a Riemann surface. Symmetries on this
phase space are described by Poisson-Lie groups, and this means that quantum groups turn
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out to be the natural candidates for symmetries once the quantization of the theory had been
performed. In [9] it was proved that the relevant Poisson-Lie structures are those defined by
classical r-matrices fulfilling the so-called Fock-Rosly condition, which was proven in [10] to be
automatically verified if the chosen r-matrix is the canonical one coming from a Drinfel’d double
(DD) structure of the corresponding model Lie group of isometries. Therefore, the study of DD
structures and their quantization (see [11, 12, 13, 14, 15]) turns out to be a relevant subject in a
quantum gravity context, and recent works have been devoted to the explicit construction and
analysis of DD structures for the Poincare´ group [16] and for the (anti-)de Sitter ones [10]. Once
the DDs are classified, the natural question that arises concerns which are the noncommutative
spacetimes obtained as quantizations of the corresponding Poisson homogeneous spaces induced
by the DDs, and which are their main structural features (see, for instance, [17, 18, 19, 20] and
references therein). This question has been fully answered for the Poincare´ case in [16], and
in this work we provide the Euclidean counterparts of these results, given that spaces with
Euclidean signature are also commonly employed in quantum gravity considerations, as shown
in [21]. These results will be put into correspondence with the full classification of Euclidean
r-matrices given in [22] (note that analogous classifications for the (anti-)de Sitter cases can be
found in [23, 24]), and the analysis of the contraction to the Euclidean case from the DDs for
the Lie algebra so(3, 1), which were provided in [10], will be also given.
2 Drinfel’d doubles, Lie bialgebras and Poisson homogeneous
spaces
In this section we quickly review the mathematical structures needed for the rest of the work.
For further details see [16, 19] and references therein. The first structure we need is that of a
(classical) Drinfel’d double: A 2d-dimensional Lie algebra a is said to be the Lie algebra of a
(classical) DD Lie group [25] if there exists a basis {Y1, . . . , Yd, y
1, . . . , yd} of a in which the Lie
bracket reads
[Yi, Yj] = c
k
ijYk, [y
i, yj] = f ijk y
k, [yi, Yj] = c
i
jky
k − f ikj Yk. (1)
We call g = span{Y1, . . . , Yd} and g
∗ = span{y1, . . . , yd}. The (classical) DD is the unique
connected and simply connected Lie group G with Lie algebra given by a. The Lie algebra a is
said to be the double Lie algebra of g and of its dual Lie algebra g∗, where the duality is defined
with respect to the nondegenerate symmetric bilinear form 〈 , 〉 : a× a→ R given by
〈Yi, Yj〉 = 0, 〈y
i, yj〉 = 0, 〈yi, Yj〉 = δ
i
j , ∀i, j, (2)
which is ‘associative’, i.e. 〈[X,Y ], Z〉 = 〈X, [Y,Z]〉, ∀X,Y,Z ∈ a. Such a DD Lie algebra
posseses a canonical quadratic Casimir
C = 1
2
∑
i
(yi Yi + Yi y
i).
A given even-dimensional Lie group G with Lie algebra a can have several DD structures, i.e.
several splittings of a of the form (1) that are nonisomorphic, or no DD structures at all.
A Lie algebra g endowed with a skew-symmetric cocommutator map δ : g→ g⊗ g, fulfilling
the two following conditions:
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• i) δ is a 1-cocycle, i.e.,
δ([X,Y ]) = [δ(X), Y ⊗ 1 + 1⊗ Y ] + [X ⊗ 1 + 1⊗X, δ(Y )], ∀X,Y ∈ g. (3)
• ii) The dual map δ∗ : g∗ ⊗ g∗ → g∗ is a Lie bracket on g∗,
is called a Lie bialgebra (g, δ). There is a one-to-one correspondence between DD Lie algebras
and Lie bialgebras on g, obtained by endowing the first Lie subalgebra g with a skew-symmetric
cocommutator map defined by the structure constants for g∗, namely
[Yi, Yj] = c
k
ijYk, δ(Yn) = f
lm
n Yl ⊗ Ym.
This correspondence is due to the fact that the Jacobi identity for the DD Lie algebra (1) is
equivalent to the 1-cocycle condition (3) for the cocommutator map δ with respect to the Lie
algebra g.
Moreover, each DD structure for a Lie algebra a generates a solution r of the classical
Yang-Baxter equation (CYBE) on a, which is provided by the canonical classical r-matrix
r =
∑
i
yi ⊗ Yi. (4)
Therefore, if a is a finite-dimensional DD Lie algebra, then it can be endowed with the (quasi-
triangular) coboundary Lie bialgebra structure (a, δD) given by
δD(X) = [X ⊗ 1 + 1⊗X, r], ∀X ∈ a.
It is in terms of this canonical r-matrix that the Fock-Rosly condition (see [9, 26, 27] and
references therein) is found to be fulfilled [10].
To any coboundary Lie bialgebra, as the one defined by (4), a Poisson-Lie (PL) group
structure (G,Π) on G is associated, and this PL structure is explicitly given by the so-called
Sklyanin bracket
{f, g} = rij
(
∇Li f∇
L
j g −∇
R
i f∇
R
j g
)
, f, g ∈ C∞(G), (5)
where rij are the elements of the skew-symmetric part of (4) and ∇Li ,∇
R
i the left- and right-
invariant vector fields on the Lie group G. Moreover, for G connected and simply connected,
this structure is unique [28]. In the same manner as we can construct smooth manifolds from
quotients of Lie groups by certain subgroups, a similar construction exists for PL groups where
now the group action must be compatible with the Poisson structure.
A Poisson homogeneous space (PHS) of a PL group (G,Π) is a Poisson manifold (M,pi)
endowed with a transitive group action ⊲ : G×M → M which is a Poisson map with respect
to the Poisson structure pi on M and the product of the Poisson structures Π×pi on G×M . In
particular, we are interested in coset spaces M = G/H of the group G with isotropy subgroup
H, whose Lie algebra will be denoted by h. In the rest of the paper we will describe PL
structures on G that can be canonically projected to the coset G/H, and this is guaranteed if
the so-called coisotropy condition for the isotropy subalgebra h is satisfied, namely
δ(h) ⊂ h ∧ g. (6)
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Furthermore, ifH is a Poisson subgroup with respect to Π then h is a sub-Lie bialgebra structure
and it satisfies δ (h) ⊂ h ∧ h. This is a stronger condition and for some purposes the resulting
spaces can have better behaviour, however the standard coisotropy condition (6) will be enough
in order to have a well-defined PHS that can be obtained by projecting the Sklyanin bracket (5).
3 Drinfel’d double structures for the Poincare´ group
In this section we review the relevant outcomes of the recent work [16], in which the Poincare´ case
was thoroughly analyzed. From now on, we will work on a kinematical basis {J,K1,K2, P0, P1, P2}
corresponding to the generators of rotations, boosts, time translation and space translations,
respectively. This basis is specially adapted to describe the role of the Poincare´ algebra as the
algebra of isometries of Minkowski spacetime. In this basis the commutation relations read
[J,K1] = K2, [J,K2] = −K1, [K1,K2] = −J,
[J, P0] = 0, [J, P1] = P2, [J, P2] = −P1,
[K1, P0] = P1, [K1, P1] = P0, [K1, P2] = 0,
[K2, P0] = P2, [K2, P1] = 0, [K2, P2] = P0,
[P0, P1] = 0, [P0, P2] = 0, [P1, P2] = 0.
This Lie algebra has two quadratic Casimir elements, namely
C1 = P
2
0 − P
2
1 − P
2
2 , C2 = J P0 +K2 P1 −K1 P2.
In this notation, the (2+1)-dimensional Minkowski spacetime M2+1 arises as the homogeneous
space of the Poincare´ group ISO(2, 1) ≡ P (2 + 1) having the Lorentz subgroup H = SO(2, 1)
as the isotropy subgroup of the origin, that is, M2+1 ≡ ISO(2, 1)/SO(2, 1). Therefore we
have that a = iso(2, 1) = p(2 + 1) = span{J,K1,K2, P0, P1, P2} and h = Lie(H) = so(2, 1) =
span{J,K1,K2}. In the classical case, the above coset construction induces a unique smooth
structure on the coset manifold. However, the situation is quite different if we allow quantum
deformations of the isometry groups because these deformations are far from being unique and
so the resulting quantum (noncommutative) spacetimes are different. Of course as smooth
manifolds they are diffeomorphic, but the induced Poisson structures are not equivalent, and
will provide the semiclassical limit of the noncommutative spacetimes. Some of these Poisson
Minkowski spacetimes have the extra property of being defined by an r-matrix that comes
from a DD structure of the Poincare´ Lie group and they are specially interesting due to their
connections to (2+1) quantum gravity, as explained above. Here we sketch the main results
given in [16], where a complete study of this matter was presented.
We recall that in [22] all the PL structures on the Poincare´ Lie group were classified in terms
of its defining r-matrix (given that for this group every PL structure is a coboundary one), and
it was found that there exist eight (possibly multiparametric) classes of PL structures. On the
other hand, there also exist eight non-isomorphic DDs on the Poincare´ Lie group, each of them
giving a canonical r-matrix and thus a different PL structure. In Table 1 these DD r-matrices
are presented together with the Poisson subgroup/coisotropy condition for each of them and
the class of the classification [22] they belong to.
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Table 1: The (2+1) Poincare´ r-matrices and Poisson subgroup/coisotropy condition for the eight DD
structures on p(2 + 1) [16] as well as the corresponding class in the Stachura classification.
Case Classical r-matrix r′i δD (h) Class [22]
0 1
2
(−P0 ∧ J − P1 ∧K2 + P2 ∧K1) = 0 (IV)
1 K1 ∧ J +K1 ∧K2 + (−P0 ∧ J − P1 ∧K2 + P2 ∧K1) ⊂ h ∧ h (I)
2 P2 ∧ J − P0 ∧K2 − P2 ∧K2 +
1
2
(P0 ∧ J − P1 ∧K2 + P2 ∧K1) ⊂ h ∧ g (IIa)
3 −P2 ∧ J − P0 ∧K2 − P2 ∧K2 +
1
2
(−P0 ∧ J + P1 ∧K2 − P2 ∧K1) 6⊂ h ∧ g (IIa)
+ 1
λ
(
P0 ∧ P1 + 2(P0 ∧ P2 + P2 ∧ P1)
)
4 P2 ∧ J +
1
2
(P0 ∧ J − P1 ∧K2 + P2 ∧K1) + λP0 ∧ P2 6⊂ h ∧ g (IIIb)
5 P1 ∧ J +
1
2
(−P0 ∧ J + P1 ∧K2 − P2 ∧K1) +
1
λ
P1 ∧ P0 6⊂ h ∧ g (IIIb)
6 P0 ∧K2 +
1
2
(−P0 ∧ J + P1 ∧K2 + P2 ∧K1) ⊂ h ∧ g (IIIb)
7 P2 ∧ J +
1
2
(−P0 ∧ J + P1 ∧K2 − P2 ∧K1) ⊂ h ∧ g (IIIb)
Table 2: The (2+1) Poisson Minkowski spacetimes arising from coisotropic DD structures [16].
Case {x0, x1} {x0, x2} {x1, x2}
0 −x2 x1 x0
1 −α1x
2(x0 + x1) + 2β1x
2 α1x
1(x0 + x1)− 2β1x
1 α1x
0(x0 + x1)− 2β1x
0
2 0 −α2(x
0 − x2) −β2(x
0 − x2)
6 0 −x0 + x1 0
7 0 0 −(x0 + x2)
The first r-matrix in Table 1 is the one corresponding to the ‘Lorentz double’, i.e. the
one coming from the Lie bialgebra (g = so(2, 1) ≃ sl2(R), δ ≡ 0) and the resulting Poisson
Minkowski spacetime associated is of Lie algebraic type, in fact isomorphic to so(2, 1). Out
of the other seven cases, four of them satisfy the coisotropy condition, although only the Case
1 is of Poisson subgroup type (as, obviously, the Lorentz double of Case 0). These five DDs
fulfilling the coisotropy condition give rise to five different Poisson Minkowski spacetimes, which
are displayed in Table 2. We remark that Cases 1 and 2 are written as a two-parametric
generalization of the corresponding DD structure, which is properly recovered for α1 = β1 and
α2 = β2, respectively.
Four of these five Poisson Minkowski spacetimes are of Lie algebraic type (namely Cases
0, 2, 6 and 7) while the remaining Case 1 is the only quadratic one. Moreover, Cases 0 and
1 are the only ones that are of Poisson subgroup type, and Case 0 is the only one which is
both of Lie algebraic and of Poisson subgroup type. These two conditions singularize this Pois-
son Minkowski spacetime from the rest and makes the construction of its associated quantum
Poincare´ group an interesting problem. Looking at Table 2 we see that the Poisson Minkowski
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spacetime obtained from Case 1 is a quadratic generalization of Case 0.
Further information on the structure of Poincare´ DD r-matrices can be obtained by perform-
ing a contraction procedure on the r-matrices coming from the DD structures for the (anti-)de
Sitter ((A)dS) groups, which were studied in [10]. In this way we obtain the answer to the
question on which of the eight Poincare´ DD r-matrices can be seen as the vanishing cosmologi-
cal constant limit of the (A)dS ones. The result of this analysis, performed in [16], is that four
of the seven different DD (A)dS r-matrices give rise to Poincare´ DD r-matrices, namely Cases
0 and 2. Note that Case 0 is also special in this regard, while Case 2 is found to produce an
r-matrix which is isomorphic to the ‘space-like’ κ-Poincare´ r-matrix along with a twist [29]. In
this respect, it should be noted that Table 1 indicates that a similar DD construction of the
twisted ‘time-like’ κ-Poincare´ deformation is not possible.
An interesting remark concerning DDs for the Poincare´ group is that the (2+1)-dimensional
situation is quite special, since in (3+1) and higher dimensions, the existence of any DD is
precluded by the non-existence of a suitable non-degenerate bilinear form (2), both symmetric
and associative. In (1+1)-dimensions there is obviously no DDs (given that the group has odd
dimension), but it turns out that the non-trivially centrally extended Poincare´ group in (1+1)
dimensions has two non-isomorphic DD structures which were also explicitly constructed in
[16].
4 Drinfel’d double Euclidean r-matrices and Poisson homoge-
neous spaces
Once the complete set of DDs for the Poincare´ group has been clarified, it certainly makes
sense to study the DDs for the Euclidean group in 3-dimensions, both because of its inherent
interest related with the construction of Poisson Euclidean spaces and also for the possibility
of comparing DD structures for these two closely related Lie algebras. So let us consider the
Euclidean Lie algebra e(3) = iso(3) in terms of generators of rotations Ji and translations Pi
(i = 1, 2, 3). The commutation rules read
[Ji, Jj ] = εijkJk, [Ji, Pj ] = εijkPk, [Pi, Pj ] = 0, i, j, k = 1, 2, 3, (7)
where εijk is the totally skewsymmetric tensor with ε123 = 1. The two quadratic Casimir
elements for this algebra are given by
C1 = P
2
1 + P
2
2 + P
2
3 , C2 = J1 P1 + J2 P2 + J3 P3. (8)
The Euclidean space in three dimensions, E3, can be constructed as the homogeneous space
of the Euclidean isometry group ISO(3) = E(3) having the subgroup H = SO(3) as the
isotropy subgroup of the origin, that is, E3 ≡ ISO(3)/SO(3). Hence we have that a = iso(3) =
e(3) = span{J1, J2, J3, P1, P2, P3}, and h = Lie(H) = so(3) = span{J1, J2, J3}. If we denote
t = span{P1, P2, P3}, we have that e(3) = h⊕ t as a vector space.
According to the classification [30] there is no ‘non-trivial’ DD structure for E(3). However,
E(3) has the ‘trivial’ DD structure induced by its semidirect product form. Notice that E(3) =
SO(3)⋉R3 is the semidirect product of the rotation subgroup and the translations, inherited by
its Lie algebra e(3) = so(3) ⊕S R
3, and this is just the DD structure arising in correspondence
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with the Lie bialgebra structure (g, δ) = (so(3), δ ≡ 0). It is straightforward to check that such
unique DD structure for e(3) is given by the isomorphism Yi = Ji and y
i = Pi, and thus we
have ckij = εijk and f
ik
j = 0. In this way we obtain
r =
∑
i
Pi ⊗ Ji , C2 =
∑
i
Ji ⊗ Pi ,
so the skew-symmetric component of the r-matrix reads
r′ = r − C2 =
∑
i
Pi ∧ Ji, (9)
while the induced pairing has as non-vanishing entries 〈Pi, Ji〉 = 1. This DD structure is the
Euclidean analogue of the Case 0 in the Poincare´ clasification, and is directly related to the
semidirect product structure of both Lie groups. The striking difference between the Euclidean
and the Poincare´ Lie groups is that while in the latter there is a plurality of DD structures
(eight non-isomorphic ones), in the former a single one does exist.
5 Classification of the coboundary Poisson Euclidean spaces
In [22] the complete classification of r-matrices for the three-dimensional Euclidean Lie algebra
was obtained. In order to relate such a classification with our results we rename the Euclidean
generators in [22] as ei = Pi and ki = Ji (i = 1, 2, 3) so satisfying the commutation rules (7).
In such classification, the Euclidean classical r-matrices are expressed in the form r = a+ b+ c,
with
a ⊂ t ∧ t, b ⊂ t ∧ h, c ⊂ h ∧ h,
where t = span{P1, P2, P3} and h = span{J1, J2, J3} = so(3). It turns out that the classification
is ruled by two real parameters µ and p according to the following relations:
[[a, b]] = p η˜, 2[[a, c]] + [[b, b]] = µΩ, [[b, c]] = [[c, c]] = 0, η˜ ∈
3∧
t, Ω ∈
2∧
t⊗ h,
where [[· , ·]] denotes the Schouten bracket. The cases with p = 0 correspond to r-matrices
leading to coisotropic Lie bialgebras with respect to h = span{J1, J2, J3}. It turns out that
there exist three equivalence classes of three-dimensional Euclidean r-matrices, all of them with
c = 0, which in our notation read:
Class (I)
b = α(P1 ∧ J2 − P2 ∧ J1) + ρP3 ∧ J3, a = a12P1 ∧ P2 + a13P1 ∧ P3 + a23P2 ∧ P3,
with α = {0, 1}, ρ ≥ 0, α2 + ρ2 6= 0, µ = −2α2, p ∈ R, and where from now on {a12, a13, a23}
denote three free real parameters.
Class (II)
b = P1 ∧ J1 + P2 ∧ J2 + P3 ∧ J3, a = 0, (10)
with µ = 2 and p = 0.
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Class (III)
b = 0, a = a12P1 ∧ P2 + a13P1 ∧ P3 + a23P2 ∧ P3, (11)
with µ = 0 and p = 0.
With this classification at hand, we can easily identify the only three-dimensional Euclidean
DD r-matrix (9) with the one in Class (II) (10) in [22]. Quite interestingly, exactly as it
happened for the Poincare´ case, the ‘trivial’ DD r-matrix is the one corresponding to the only
non-parametric family of coboundary PL structures on the three-dimensional Euclidean group.
Regarding different dimensions, no DD structure exists for the Euclidean group. In higher
dimensions than three, this is due to the lack of existence of a non-degenerate associative
symmetric bilinear form. In the two-dimensional case, the statement follows because there
are only three non-isomorphic DDs [30], two of them isomorphic to the non-trivially centrally
extended Poincare´ group and the other one isomorphic to the non-trivially centrally extended
AdS group. Therefore, no centrally extended Euclidean group can be endowed with a DD.
6 Contraction of Drinfel’d double r-matrices from so(3, 1)
The complete study of DDs for the Lie algebra so(3, 1) was carried out in [10]. In what follows we
analyze the contraction of such structures to the Euclidean case. This contraction procedure
can be understood in geometric terms as the zero-curvature limit of the three-dimensional
hyperbolic space whose isometry group is just SO(3, 1).
The classification of so(3, 1) DD r-matrices in [10] was performed in the usual Chern-Simons
basis {J0, J1, J2, P0, P1, P2}. It turns out that there are four DDs for so(3, 1), called cases A,
B, C and D in [10]. For the cases A and C the relationship with the geometrical basis used
throughout the present paper is established by means of the isomorphism given by
J0 → −J1, J1 →
1
η
P3, J2 →
1
η
P2, P0 → P1, P1 → η J3, P2 → η J2, (12)
where η is a non-zero real parameter. And for the cases B and D the isomorphism reads
Js → Js+1, Ps → Ps+1, s = 0, 1, 2. (13)
By applying these two isomorphisms, we find that the commutation relations for the Lie algebra
so(3, 1) adopt the form
[Ji, Jj ] = εijkJk, [Ji, Pj ] = εijkPk, [Pi, Pj ] = −η
2εijkJk, i, j, k = 1, 2, 3. (14)
In this basis, the two quadratic Casimir elements for so(3, 1) can be written as
C1 = P
2
1 + P
2
2 + P
2
3 − η
2
(
J21 + J
2
2 + J
2
3
)
, C2 = J1 P1 + J2 P2 + J3 P3. (15)
Now we consider the three-dimensional hyperbolic space as the homogeneous space of the isom-
etry group SO(3, 1) with isotropy subgroup H = SO(3), H3 ≡ SO(3, 1)/SO(3), provided that
a = so(3, 1) = span{J1, J2, J3, P1, P2, P3} and h = Lie(H) = so(3) = span{J1, J2, J3}. The
hyperbolic space H3 has negative constant sectional curvature equal to −η2, so that the pa-
rameter η is related with the radius of the space R through η = 1/R. The ‘flat’ contraction to
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the Euclidean algebra and space thus corresponds to applying the limit η → 0 (R → ∞). In
this manner, the commutation rules (14) and Casimirs (15) reduce to the Euclidean ones (7)
and (8), respectively.
Next, by using (12) and (13) in the results given in [10] we obtain the following four DD
r-matrices for so(3, 1):
r′A =
1
η
P3 ∧ P2 +
1
2
(P1 ∧ J1 − P2 ∧ J2 − P3 ∧ J3),
r′B = −ηJ2 ∧ J3 +
1
2
(P1 ∧ J1 + P2 ∧ J2 + P3 ∧ J3),
r′C =
1
2
(
1
η
P3 ∧ P1 + ηJ1 ∧ J3 + P2 ∧ J2
)
,
r′D = J1 ∧ P2 − J2 ∧ P1 +
(1 + µ2)
2µ
P3 ∧ J3 +
(µ2 − 1)
2ηµ
(
η2J1 ∧ J2 − P1 ∧ P2
)
, µ > 0.
(16)
In principle, only the r-matrix r′B has a well defined flat limit η → 0. Nevertheless, we can scale
the remaining cases in order to obtain four contracted Euclidean r-matrices; these are
lim
η→0
η r′A = P3 ∧ P2, lim
η→0
r′B =
1
2
(P1 ∧ J1 + P2 ∧ J2 + P3 ∧ J3),
lim
η→0
η r′C =
1
2
P3 ∧ P1, lim
η→0
η r′D =
(1− µ2)
2µ
P1 ∧ P2, µ > 0.
Consequently, the cases A, C and D give rise to Euclidean r-matrices belonging to Class (III)
(11) of [22], meanwhile the case B gives exactly the complete Class (II) (10). Note that this
Class is the one obtained from the DD structure for the Euclidean group (9). We recall that in
[16], it was found that four (A)dS (two for dS and two for AdS) DD r-matrices contract to two
DD Poincare´ r-matrices (Cases 0 and 2).
We remark that the initial pairing for the cases A, B and C for the so(3, 1) DDs in the
basis (16) has the non-vanishing entries 〈Pi, Ji〉 = 1, which does not depend on η, so that it
remains unchanged under contraction. In contrast, the pairing for case D diverges under the
limit η → 0.
7 Poisson homogeneous Euclidean spaces
In the previous sections we have studied the DD structures for the Euclidean group in three
dimensions and we have identified to which of the coboundary PL structures they correspond.
Now we present the full construction of Poisson homogeneous Euclidean spaces, based in the
classification presented in section 5. In order to perfom that, we first need to introduce suitable
coordinates on the Euclidean group and we write a generic element Q of the Lie algebra e(3) as
Q = x1P1 + x
2P2 + x
3P3 + θ
1J1 + θ
2J2 + θ
3J3 =


0 0 0 0
x1 0 −θ3 θ2
x2 θ3 0 −θ1
x3 −θ2 θ1 0

 .
Next we introduce the coordinates on the Lie group as the ones associated to each Lie algebra
generator through the exponential map
g = exp(x1P1) exp(x
2P2) exp(x
3P3) exp(θ
1J1) exp(θ
2J2) exp(θ
3J3),
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and then we compute left- and right-invariant vector fields in these coordinates, thus obtaining
XLJ1 =
cos θ3
cos θ2
(
∂θ1 − sin θ
2∂θ3
)
+ sin θ3∂θ2 , X
L
J2
=
sin θ3
cos θ2
(
−∂θ1 + sin θ
2∂θ3
)
+ cos θ3∂θ2 , X
L
J3
= ∂θ3 ,
XLP1 = cos θ
2 cos θ3∂x1 +
(
sin θ1 sin θ2 cos θ3 + cos θ1 sin θ3
)
∂x2 −
(
cos θ1 sin θ2 cos θ3 − sin θ1 sin θ3
)
∂x3 ,
XLP2 = − cos θ
2 sin θ3∂x1 −
(
sin θ1 sin θ2 sin θ3 − cos θ1 cos θ3
)
∂x2 +
(
cos θ1 sin θ2 sin θ3 + sin θ1 cos θ3
)
∂x3 ,
XLP3 = sin θ
2∂x1 − cos θ
2
(
sin θ1∂x2 − cos θ
1∂x3
)
,
XRJ1 = −x
3∂x2 + x
2∂x3 + ∂θ1 , X
R
P1
= ∂x1 ,
XRJ2 = x
3∂x1 − x
1∂x3 + cos θ
1∂θ2 +
sin θ1
cos θ2
(
sin θ2∂θ1 − ∂θ3
)
, XRP2 = ∂x2 ,
XRJ3 = −x
2∂x1 + x
1∂x2 + sin θ
1∂θ2 +
cos θ1
cos θ2
(
− sin θ2∂θ1 + ∂θ3
)
, XRP3 = ∂x3 .
Thus we have all the ingredients to study explicitly the Poisson homogeneous Eucliean spaces.
The final result is as follows.
Class (II). This is the only r-matrix coming from a DD. Its cocommutator reads
δ(Ji) = 0, δ(P1) = 2P2 ∧ P3, δ(P2) = −2P1 ∧ P3, δ(P3) = 2P1 ∧ P2,
which shows that its associated PHS is of Poisson subgroup type in a trivial way (this is
consistent with the fact that the r-matrix (10) is the analogue of the Poincare´ Case 0 studied
in [16], see Table 1). The associated PHS is given by the fundamental Poisson bracket
{xi, xj} = 2εijkx
k, (17)
which is so isomorphic to the so(3) Lie algebra, while its Poincare´ counterpart was isomorphic
to so(2, 1), as shown in Table 2. As a matter of fact, if we compute the full Sklyanin bracket
we get that the remaining group coordinates Poisson commute {xi, θj} = {θi, θj} = 0.
Class (III). This family of r-matrices are solutions of the CYBE, and its cocommutator reads
δa(J1) = −a13P1 ∧ P2 + a12P1 ∧ P3,
δa(J2) = −a23P1 ∧ P2 + a12P2 ∧ P3, δa(Pi) = 0,
δa(J3) = −a23P1 ∧ P3 + a13P2 ∧ P3.
This cocommutator is not coisotropic with respect to the isotropy subgroup of rotations (apart
from the trivial case r = a = 0), and we shall not write down the Poisson brackets for the group
coordinates as we are only interested in describing coisotropic PHS.
Class (I). This multiparametric family of r-matrices is composed by solutions of the form of
Class (III) plus some new terms. They satisfy the CYBE iff α = 0. The cocommutator reads
δ(J1) = α(−P3 ∧ J1 + P1 ∧ J3)− ρ(P3 ∧ J2 + P2 ∧ J3) + δa(J1),
δ(J2) = α(−P3 ∧ J2 + P2 ∧ J3) + ρ(P3 ∧ J1 + P1 ∧ J3) + δa(J2), δ(J3) = δa(J3),
δ(P1) = αP1 ∧ P3 + ρP2 ∧ P3, δ(P2) = αP2 ∧ P3 − ρP1 ∧ P3, δ(P3) = 0,
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proving that they are coisotropic deformations if the a-terms vanish, but they are never of
Poisson subgroup type. So, in the case with a = 0 the associated Poisson Euclidean spaces read
{x1, x2} = 0, {x1, x3} = αx1 − ρx2, {x2, x3} = αx2 + ρx1.
The distinguished behavior of the third coordinate becomes evident both in the cocommutator
and in the Poisson bracket, in contrast what happens in the DD noncommutative space (17).
8 Concluding remarks
Since the complete construction of DDs for the Poincare´ Lie group was recently presented in
[16], it seemed natural to perform the analogous analysis for the three-dimensional Euclidean
group, since all these DDs are relevant for (2+1) quantum gravity, both in its Lorentzian and
Euclidean facets. Also, in this paper we have presented the construction of the full set of
Poisson homogeneous Euclidean spaces, and it has been shown how two of the three classes of
coboundary PL structures on the Euclidean group generate coisotropic Poisson homogeneous
spaces.
Regarding DDs, it is worth stressing that the large plurality of nonisomorphic DDs for the
Poincare´ group is lost in its Euclidean counterpart, and this is clearly due to the flexibility of the
Lorentz sector in order to give rise to DDs. However, while differences are striking it should be
noted that the most studied DD structure (the ‘Lorentz double’ [11]) has an Euclidean analogue
(the ‘rotation double’ or the ‘su(2) double’ [12, 13, 14, 15]) with similar algebraic properties,
and both are canonically induced by the semidirect product structure of the group of isometries.
Also, it should be noted that the corresponding contraction procedures applied to the (A)dS
r-matrices gives similar results for the Lorentz and rotation doubles.
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